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Abstract 

The existence and uniqueness of solutions of the Cauchy problem to 
a a stochastic parabolic integro-differential equation is investigated. The 
equattion considered arises in nonlinear filtering problem with a jump 
signal process and jump observation. 

1 Introduction 

In a complete probability space (f2, J 7 , P) with a nitration of er-algebras F = 
(J-'t) satisfying the usual conditions, we consider the linear stochastic integro- 
differential parabolic equation 

du(t,x) — (AS a 'u(t,x) + f(t,x))dt + Jjj g(t,x,v)q(dt,dv) in H 7 , 
u(0,x) = in R d U 

of the order a € (0, 2], where H — [0, T] x R d , q(dt, dv) is a martingale measure 
on a measurable space ([0, oo) x U, B([0, oo)) g is an F-adapted measurable 
real- valued function on H x U, / is an F-adapted measurable real- valued function 
on H, 

A^u(t,x) = f [u(t,x + y)-u(t,x)-(Wu(t,x),y) X (a \y)W a \t,y)-^- 



1 d 

+ (b(t),Vu(t,x))l a=1 + - £ BV(t)dlu{t,x)l a=2 , (2) 



2 



X {a) {y) = + l|y|<lla=l, 



mS a ' (t, y) is a deterministic measurable real- valued function homogeneous in y of 
order zero, = 0, R$ = R d \{0} and b(t) = (fo 1 (t), . . . , b d (t)),B(t) = (B ij (t)) 
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are deterministic bounded measurable function. It is the model problem for the 
Zakai equation (see |15j ) arising in the nonlinear filtering problem. Assume that 
the signal process X t is defined by 

X t = X + f b{s)l a=1 ds+ f ^/B(s)dW s l a =2 
Jo Jo 

x (a) (y)yq(d s ,dy) + J J(i - x (a) (y))yp(ds,dy), 

where p(ds, dy) is a point measure on [0, oo)xRq with a compensator (s, y) ffd+a > 
q(ds, dy) = p(ds, dy) - m (a) (s, y) 



yld+a 



and W t is a standard Wiener process in H d . 

Assume A has a probability density function u (x) and the observation Y t 
is discontinuous, with jump intensity depending on the signal, such that 



Yt= / / yp(dsdy)+ / / yq(ds,dy), 

Jo J\y\>l Jo J\y\^l 

where p(ds, dy) is a point measure on [0, oo) x Rq not having common jumps with 
p(ds, dy) with a compensator p(X t , y)ir(dy) and q(dt, dy) = p(dt, dy) — ir(dy)dt. 
Assume C\ ^ p(x, y) ^ c\ > 0, n(dy) is a measure on Rg such that 

\y\ 2 A ln(dy) < oo, 

and J[p(x,y) — l] 2 ir(dy) is bounded. Then for every function ip such that 
E^At) 2 ] < oo, the optimal mean square estimate for -0 (A t ) , t £ [0,T], given 
the past of the observations Tj = <r(Y s , s ^ t), is of the form 



E[C,l^ y ] 

where £ t is the solution of the linear equation 

d( t = C t -J[p(X t -,y)-l]q(dt,dy) 

and dP = ( (T) 1 dP. Under some assumptions, one can easily show that if 
v(t,x) is an F — (7 r ^)-adapted unnormalized filtering density function 

E [0 (X t ) C t | ] = Jv(t,x)i> (x) dx, (3) 
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then it is a solution of the Zakai equation 



dv(t, x) = v(t, x) J [p(x, y) - l]q(dt, dy) + j (b(t), Vv(t, x)) l a=1 
d 

+ 2 E B^(t)df 3 v(t,x)l a=2 

[v(t, x + y)- v(t, x) - (V«(t, x), y) X {a) (v)W°\t, ~v)j^ 
v(0,x) = Uq(x). 

Since Y t , t ^ 0, and X t , t > 0, are independent with respect to P, for u (t, x) — 
v (t, x)—uq (x) we have an equation whose model problem is of the type given by 
(JTJ) . Indeed, according to [3J, for any infinitely differentiable function ip on R d 
with compact support, the conditional expectation 7r t (-0) = E (X t ) QlJ 7 ^] 
satisfies the equation 

tfor t (V0 = J n t (ip[p(;y)-l])q(dt,dy) + TrJ (6(i), V^)l Q =i 
1 d 

i J = l 

+») - V - (v^)x (a) (y)]m( a >(*,y) r ^)dt. 

R<j 12/1 J 

Assuming (J3j> and integrating by parts, we obtain ((4]). 

The general Cauchy problem for a linear parabolic SPDE of the second order 



du = (a lJ dijU + b l diU + c u + f)dt + (er'c^u + hu + g)dWt in H, 
u(0,x) = inR d 



(5) 



driven by a Wiener process Wt has been studied by many authors. When the 
matrix {2a %:i — a 1 - a 3 ) is uniformly non-degenerate there exists a complete theory 
in Sobolev spaces W n ' 2 (R d ) (see [TT], [5], [13] and references therein) and in 
the spaces of Bessel potentials Hf (R d ) (see [5]). The equation (J5J) in Holder 
classes with a = was considered in [T2] , [5] . The equation (J5J) in Holder classes 
with a — and intcgro-diffcrential operator of the order a in the drift part was 
studied in [§]. 

In this paper, following the main steps in [7], [8], we prove the solvability of 
the Cauchy problem (TTJ). In Section 2, we introduce the notation and state our 
main result. In Section 3, we prove some auxiliary results concerning moment 
estimates of discontinuous martingales and the solvability of (TTJ) for smooth 
input functions. The proof of the main theorem is given in Section 4. 
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2 Notation and main result 



2.1 Notation 

The following notation will be used in the paper. 

Let IF, P) be a complete probability space with a right-continuous filtra- 
tion of cr-algebras F = (^ r t)te[o,T] 5 containing all P-null sets of T . Let (U,U) 
be a measurable space with a a- finite non- negative measure U(dv). Throughout 
the paper we assume that there is an increasing sequence U n C U such that 

U = U n U n ; U(U n ) <oo, n = l,2,.... 

We say that a measurable function / : [0,T]xQx R d — >• R is F-progressively 
measurable if for each t G [0, T] the mapping (s,w,x) — > f(s,co,x) on [0,i] x 
n x R d is B([0, i]) <g> -Ft <8> #(R d )-measurable. 

We denote 7>(F) the F-predictable cr-algebra on [0,T] x ft and 0(F) the cr- 
algebra of F-well measurable sets on [0,T]. We denote 1Z(F) the F-progressive 
cr-algebra on [0, T] x ft. 

We say that a stochastic process X t ,0 ^ i ^ T, is cadlag if P-a.s. it is 
right-continuous (X t + = X t ), the left-hand limits X t - exist for all t € [0, T] 
and Xt- = Xt- 

We denote i? = [0, T] x R d , N = {0, 1,2,.. .}, R$ = R d \{0}. If a;, y e R d , 
we write 

d 

i=i 

Let £ p (ft, J 7 , P), p ^ 1, be the space of random variables X with finite norm 

\X\ p = (V\X\ p )r. 

Let Bp(H), p > 1, be the space of all 7£(F) ® ,B(R d )-measurable functions 
u : ft x H -> R such that 

||u|| p = sup |u(t,x)| p < oo. 
(t,x)eH 

Similarly, B r , p (F x £/), r > 1, p > 1, is the space of all K(W) <x> B(R d ) ® im- 
measurable functions g: ft x H x U — >R such that 

||ff|| r , p = sup \g(t,x, -)L < oo, 

(t,x)€H ,P 

where 



|. 9 (i,x,«)rn(rf w ) 



(7 



For L p (n, J 7 , P)-valued function a on JJ or R d , we denote its partial deriva- 
tives in x in L p (ft, J 7 , P)-sense by = du/dxi, dfjU = d 2 u/dxidxj, etc.; <9u = 
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Vu = (d\u, . . . , dd.u) denotes the gradient of u with respect to x; for a multiindex 
7 G Nq we denote 

For a G (0, 2], we write 

d a u(t 7 x)=T- 1 l\t\ a Fu(t,0}(x), 

where T denotes the Fourier transform with respect to x G R d and J 7 " 1 is the 
inverse Fourier transform, i.e. 

?u(t,0= [ e- i ^u(t,x)dx, F-i u ( t ,$ = -±- [ c^u(t,0dt 

For a G [0,2], /3 G (0, 1), C^(H) is the set of all u G S p (iJ) with finite 
norm 

\\u\\ a ,0; P = \\u\\ p + \\d a u\\ p + [d a u}p. lP , 

where 

|u(i,x) - u(t,y)\ p 

Similarly, C"^(H x U) is the set of all .g G B r p (H x [/) with finite norm 

||5||a,/3;r,p = Hslkp + ll<9 Q g||r,p + [c^^p, 

where 



[s]/3;r,p = SUp 



For a = 0, we write 

IMIo^p = \\u\\ p + [u] fj , p 

and 

||s||o,/3;r,p = Hfllkp + \sh;r,p- 

C™{H) is the set of all u G B p (fl") such that P-a.s. for all t G [0,T] the 
function u(t,x) is infinitely differentiable in x and for every multiindex 7 G Nq 

sup Ic^w^, x)| < °°- 

Similarly, C^ p (H x U) is the set of all g G B rtP (H x f/) such that P-a.s. for 
all t G [0, T], u G {/ the function ^(t, x, v) is infinitely differentiable in x and for 
every multiindex 7 G Nq 

sup \d%g(t,x, •)L_< 00. 
(t,x)eir ' p 

The counterparts of spaces C p ^{H) and C p x '(H) for nonrandom functions 
are denoted simply by C a ^(H) and C°°(H). We denote Cg°(R d ) the set of all 
infinitely differentiable functions on R d with compact support. 

C = C(-,...,-),c = c( •,...,•) denote constants depending only on quantities 
appearing in parentheses. In a given context the same letter will (generally) be 
used to denote different constants depending on the same set of arguments. 
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2.2 Main result 



Let a £ (0,2] and b: [0,T] -> R d , m( Q ) : [0,T] x I|j 4 R be measurable 
functions. Throughout the paper we assume that the function m^ a '(t, y) is 
homogeneous in y of order zero, i.e. for all t € [0,T], r > 0, ye R d 

mW(t,ry) = mW(t, 2 /), 



and 



S d-i 



wrrS 1 \t,w)^, d _ 1 {dw) — 0, 



where S* d 1 is the unit sphere in R d and /i<j_i is the Lebesgue measure on it. 
Also, m (2) = 0. 

Let A^ a \ a G (0,2), be the operators defined by ©. In terms of Fourier 
transform 

A^u{x) = T~ x L (a) («,£)-M£)l (x), 



where 



d 

1 jf^ JKOI^l-^tan^sgnKOWi 



-C 
2 



-sgn(io, In | (id, £) |l a=1 m (a) (i, w)^ d _ 1 (dw) 

= -i^i Q MW(t,e), 

C = C(a,<i) is a positive constant and 



2 



S d-1 



t 

W 'W\ 

i 

lei 



1 - j 



a7r / £ \ 
tan — sgn(^w,— Jl Q ^i 



(6) 



i S gn(™,±)ln|(V|) 



1«=] 



wS a) {t,w)n d _ x (dw) 



is 0-homogeneous function with respect to £. 

Let dv) be an F-adapted Poisson point measure on [0, oo) x U with a 
compensator Tl(dv)dt and 

<7(dt, <iw) = p(dt, dv) — TL(dv)dt 

be a martingale measure. 

In stochastic Holder spaces Cp^(H), we consider the Cauchy problem 

du{t, x) = [(A< Q ) - X)u(t, x) + f(t, x)] dt + f v g(t, x,v)q(dt,dv) in H, 



u(0,x) = 



in R d 



(7) 



G 



where A 0. 

We will need the following assumptions. 

Al. There is a constant /i > such that for all t G [0, T] 

inf^ ReM (a) (i,C) > 

A2. The function m^{t,y) is differentiable in y up to the order do and 
sup [ sup 10^^(1^)1 + \b(t)\l a=1 + \B(t)\l a=2 ] <oo, 

0<t<T | 7 |<rf ,|j/|=l 

where do = [f ] + 1 and [|] is the integer part of |. 

Remark 1 Assumption Al is satisfied if and only if for all t G [0,T],£ G 

R d ,iei = i, 

(B(*X,0 > " = 2, 
|(w,Or*» (a) (t,ti>)Md-i(dw) > A*) 6(0,2), 

■ i 

TTie last condition holds with some constant fi > if, for example, there is a 
Borel set V C S 11 ^ 1 such that p d _ 1 (T) > and 

inf m {a) (t,w) > 0. 
te[o,T],tuer 

Definition 2 Let a G (0,2], (3 G (0,1), p > 2, / G Bp (if), .9 G B liP (HxU),l = 
2, p. We say that u G Cp'"(H) is a solution of ^ if for each (t,x) G H P-a.s. 

u(t, x) = / [A ( - q - ) m(s, x) — Xu(s, x) + f(s, x)] ds + / / g(s,x,v)q(ds,dv). 
Jo Jo Ju 

Now we state the main result of this paper. 

Theorem 3 Let a, a' G (0,2], /3,/3' G (0,1), p ^ 2 and assumptions Al, 
A2 be satisfied. Assume that a(l — l/p) + = a! + fi' , f G C°'P(H) and 
9 eC«/(ffx[/),r = 2, J) . 

TTien t/iere is a unique solution u G Cp'"(H) to ([?}). Moreover, there is a 
constant C depending only on a, (3,p,d, pb,C^ a \T such that the following esti- 
mates hold: 



(V 



(ii) 



u\\a,P;p<C(\\f\\ Ol 0.p+ ^2 \\9\\a',P';r,p), 



r—'2,p 



u\\o^ P <c{TAjy(\\f\\ ^ p + ]T hb.p-.rA 



r—2,p 
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(in) forQ<t<? <T 



\\u(f,-)-u{t,-)\\ a ,^ ;p < C(t' -t)U\\f\\ 0< p. p + ll<?IU'/3';r,: 

^ r=2,p 

Remark 4 Ifa' = a(l — 1/p), then /3 — (5. Lemma\TQ below indicates that we 
could assume this without any loss of generality. 

If p — 2, one can take a' = a/2 and /3 = j3. In this case the estimates 
of Theorem [5| are similar to the corresponding estimates of Lemma 1 7 fSj] with 
p = 2 for the Zakai equation driven by a Wiener process. 



3 Auxiliary results 

3.1 Moment estimates 

First we prove some discontinuous martingale moment estimates. Denote L 2 ^ c 
the space of all 7£(F) ® W-measurable functions g(t,v) = g(u),t,v) such that 
P-a.s. 



o Ju 



\g(t,v)\ p IL(dv)dt- 



Ju 



g(t,v) 2 U(dv)dt < oo. 



Lemma 5 Let p >2,g £ L 2 ' p and 



Qt 



JU 



g(s, v)q(ds, dv), <t <T. 



Then there is a constant C = C{p) such that for any ¥-stopping time r < T, 



E[sup|Q t | p ] < CE 



Ju 



\g(s,v)\ p U(dv)ds 

p/2- 

j(s, v) 2 U(dv)ds ' 



o Ju 



(8) 



Moreover, if swp s „ |<?(s, u)| < oo P-a.s. , then for each e > i/iere is a constant 
C(e,p) such that 



E[sup|Q t | p ] < eE sup \g(s,v)\P 

t<T '~0<S<T,V 



+ 



+C(e,p)T> 



o Ju 



g(s,v) 2 Il(dv)dt 



p/2 



(9) 



Proof. Let 



A* = 



g(s 7 v) 2 p(ds,dv), L t = I / g(s, v) U(dv)ds, t > 0. 
o Ju Jo Ju 
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By the Burkholdcr-Davis-Gundy inequality, for each F-stopping time r 



E[sup|Q t |*] <C P E[A?/ 2 ]. 

t<T 

Denoting q = p/2 > 1, we have 

A? = £ [(^- + AA s ) q - - [ T f [(A.- + g(a, vf) q - A*_]p(ds, dv), 
and 

E[A*] = E f / [(A s _ + , 9 ( s , w ) 2 )* - n(du)«fe. 
Jo Ju 

Since there are two positive constants c q , C q such that for all non- negative num- 
bers a, b 

C q (b q + a q ~ l b) > (a + b) q -a q > c q (b q + a q ~ l b), 



we have 



C q E f / + A*: 1 5 (s,") 2 ]n(d U )ds>E[A«] 

Jo Ju 

>c q E f / [\g(s,v)\P + A q s Z x g(s,v) 2 ]n(dv)ds, 
Jo Ju 



(10) 



Hence, 



E[A«]<cJe / / | 5 (s,w)| p n(^)ds + E[A«- 1 ir] 
I Jo Ju 

According to Young's inequality, for each e > there is a constant C e such that 

A q T ~ 1 L T < eA q T + C e L q T . 
Therefore, there is a constant C such that 

E[A q ] < ±E[Al] + CE^£ J \g(s, v)\PU(dv)ds + L^j 

and (8) follows. 

If sup s v \g(s, v)\ < oo P-a.s., then by (|SJ) 

E[A«] <CE[sup| 5 ( S , W )r 2 L r + L?]. 

Applying Young's inequality, we obtain The lemma is proved. ■ 
Remark 6 Under assumptions of Lemma\^ the estimates ITTTj) imply that 

E f f \g(s,v)\ p U(dv)ds < CE[A p J 2 ] < CE[supQf]. 
Jo Ju t<T 
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We will need the following estimate of stochastic integrals (cf. Lemma 

1). 

Lemma 7 Let (/i s ) be a measurable family of a -finite measures on a measurable 
space (A, A). Let g be a 1Z(F) (gi A <8> IA -measurable function on [0,T] x A x [/ 
such that 2 

J J (^J 5( s ' a ' u )/ i s( c ^ a )^ n(dw)(is < oo 
P-a.s. Then for each p > 2 i/iere is a constant C such that 



sup 

0<t<T 



o JU J A 



l=2,p 

where |/z t | is the variation of fi t 
Proof. By Lemma [SJ we have 



g(t, a, v)pL t (da)q(dt, dv) 
< C sup|5(t,o,-)|{ )P ( / 



pL t \{Afdt 



E 



sup 

0<t<T 



JU J A 



< C E E 

l=2,p 



g(t, a, v)fi t (da)q(dt, dv) 

7 

Ju 



g(t,a,v)fi t (da) 



By generalized Minkowsky's inequality, 



JU 



< 



g(t,a,v)fj, t (da) 



A 



U(dv)dt 



n{dv)dt 



l/l 



p/l 



I x l/l 
dt 

l,p 



< 



I N l/l 

\g(t,a, -)\i, p \iJ,t\(da) I dt 



<sup|5(t,o,-)|!, P / kl(A)'dt 

t,a \Jo 

The lemma is proved. ■ 

3.2 Solution for smooth input functions 

First we solve ([7]) for smooth input functions /, g. 

Lemma 8 Let p > 2, f G C™{H), g G C^(iJ x [/), r = 2,j?. 
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Then there is a unique u £ C^{H) solving Moreover, P-a.s. u(t,x) is 
cadlag in t and smooth in x. Also, for each (t,x) P-a.s. 



u(t, x) = Rxf(t, x) + R\g(t, x), 



wher 



Rxf(t t x) = [ F- 1 [K* t (e)?f(8,t)](*)d*: 
Jo 

(11) 

Rxg(t,x) =11 T-\K* t te)rg[a,tv)]{x)q{d8,du), 
Jo Ju 



and 



^(e)=exp|^ 



(ip {a \r,0 - X)dr } ,0 < s < t < T. 



Proof. Existence. We take a complete probability space (fi', J 7 ', P') with a 
filtration of cr-algcbras F' = (J-' t ) satisfying usual conditions and an adapted 
stable process Z t = Zt(uj'),u>' £ il',t £ [0, T], on it denned by 



Z t = / x /B(sjdW s ,a = 2, 
Jo 

Z t = [ [ yq z {ds,dy), a €(1,2), 

Jo Jwt 



Z t = [ b(s)ds+ f f yq z (ds,dy)+ f f yp Z (ds, dy), a = 1(12) 

Jo Jo J\y\<l Jo J\y\>l 

Zt = f f yp Z (ds,dy), a£ (0,1), 

Jo JRg 

where W t is a standard Wiener process in R d , p z (ds,dy) = p z (w' , ds , dy) is a 
Poisson point process on [0,T] x Rq and 

q Z (ds,dy) =p z (d S ,dy)-m^\s,y)-^ds (13) 

i y i 

is a (F', P')-martingale measure. 

Consider the product of probability spaces 

(O, = (fix fi',.F<g> J",P x P'). 

We will denote E the expectation with respect to P. Let T be the completion of 

^ 

T' and F = (F t ) be the usual augmentation of (Ft®F' t ) (see [2]). Let ¥ z — {F t ) 
be the usual augmentation of (JF ® J 7 ^) and F 9 = (J 7 ^) be the usual augmenta- 
tion of (J-*® J 7 ') . Obviously, q z (ds,dy) is (F Z ,P)- and (F, P)-martingale mea- 
sure. Note that q(dt,dv) is (F, P)- and (F 9 , P)-martingale measure as well. 
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Denote for a measurable function F on fl 



E Z F= [ F(u,u')P'(du'). 

JQ' 

First, we claim that for each ^(F^gW-measurable function g(s,v) such that 

E/ / g(s,v) 2 Il(dv)ds < oo, 
Jo Ju 



we have P-a.s. for all t 

ft r rt 



E z f [ g( S ,v)q(ds,dv)= f f T> z [g(s,v)}q(ds,dv). (14) 
Jo Ju Jo Ju 

It is enough to show that 

E Z / [ l Um (v)g(s,v)q(ds,dv)= [ [ l Um (v)E z \g(s,v)}q(ds,dv) (15) 
Jo Ju Jo Ju 

for all m (we have li m U m = U,"n(U m ) < oo for all m). 

Let K, be the collection of all bounded functions h on x Z7 of the form 



*:=i 



where £ J 7 ', g k are bounded real- valued 'P(F) <g> measurable functions on 
fl. X U. Since J 7 ' C J 7 ^, we have P-a.s. for all t and m 

pt p 71 ~ p£ 

/ / lu m (v)h(s,v)q(ds,dv) = V / 1^ / l Um (v)g k (s,v)q(ds,dv) 
Jo Ju k=l^ U J° 



and 



F, z 



pt p "• pt p 

/ / l Um (v)h(s,v)q(ds,dv) = VP'(4) / / l Um (v)gk(s,v)q(ds,dv) 
Jo Ju fe=1 Jo Ju 

n 

^l Um {v)V'(A k )g k {s,v)q{ds,dv) 



t 

z 



V z [h(s,v)]l Um (v)q (ds, dv). 



o Ju 



Therefore (p~5)l holds by the monotone class theorem (see Theorem 1-21 in [2]), 
and (|T4")) follows as well. 

Applying Lemma[l5](see Appendix) in (f2, J 7 , P) with the filtration F = (F t ) 

for 

r t r 

e Xs g(s, x - Z s ,v)q(ds, dz),0 <t<T, 



o Ju 
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we find that there is a 'P(F)(8)S(R d )-measurable real-valued function w(t,x) 
such that P-a.s. w(t, x) is cadlag in t and smooth in x. Moreover, for each 
x G R d , 7 G Nq, P-a.s. for all t 



d%w(t,x)= / e As <92/(s,x- Z s )ds + 
Jo 

Also, for each 7 G Nq, R > 0, 

+ supE 



i Xs d2g(s, x — Z s ,v)q(ds, dv). 



J£/ 



E 



sup |<9:>(t,x)| p 

t<T,|x|<-R 



sup|^w(t,x)| p 



f<T 



< OO. 



Let (Ajf) fe>1 be a sequence of measurable partitions of R d such that every 
A£ has a diameter smaller than 1/n and let z£ G AJ?. We fix i,x and define 
Z? =zl if Z t G A£,/c> 1. 

Let g(s,x,v) be 'P(F) ® £>(R rf ) (g> ^-measurable modification of g(s,x,v) in 
LemmaEES Since p(s, x + Z t - Z a ),g{s, x + Z? - Z s ) are 7>(F) <g> J 7 ' C P(F«)- 
measurable, for each i, x, 7 G Nq P-a.s. 

9>(t,x + Z t ") = ^a>(t,x + ^)l A2 (^) 



e As a2/(s,x + ^ t n -Z s )ds + 

/ e Xs d2f(s,x + Z? - Z s )ds 
Jo 

JO J(7 



and, by the Minkowsky inequality and Lemma [51 



E|<9>(i,x + Z t n )|P < CE 



c£/(s,x + Z"-Z s _)ds 



(17) 



e As d2g(s,x + Z? - Z s _,v)q(ds,dv) 



Ju 
t 



<CE<{ / e pXs \d2f(s,x + Z? - Z s _)\"ds + 



E 

l=2,p 



< Ce pM sup 



e' As ^(s, a: + Z t ™ - Z s _ , u) \ IL(dv)ds 



Ju 



p/i 



E\%f(8,v)\ p + E E (7 \92g(s,y,v)\ l iL(dt 

l=2,p W 



p/l 
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where the constant C does not depend on n. 

Therefore, passing to the limit in (H~6l) as n — > oo (the stochastic integral is 
regarded as an integral of P(W q ) function), we obtain that for each (i, a;), 7 S 
N|f, P-a.s. 



8%w(t,x + Z t ) = / e Xs d2f(s,x + Z t - Z s )ds 



+ e Xs d2g(s,x + Z t - Z s ,v)q(ds,dv). (18) 



./[/ 



By p7|) and the Fatou lemma, we have for all 7 £ Nq 



supE|SX*,x + Z t )| p < Ce pXT sup 



E|Wa,J/)| 



+ E E (V iWa.i/.^l'nCdw) 



i=2,p 



p/i- 



(19) 



Therefore, for each for each R > 0, 7 <E Nq, 



supE 

t 



|»|<JJ 



\d].w(t, x + Z t )\ P dx < 00, 



and, by the Sobolev embedding theorem, 
supE 



sup \d2w(t, x + Z t ) 

\x\<R 



< 00. 



Therefore for each t, P-a.s. the function u(t, x) = ~E z w(t, x + Z t ) is smooth 
in x and according to (|14l) . for each (t, x), 7 e Nq, P-a.s. 



d2~E z w(t, x + Z t ) = E, z d2w{t,x + Z t ) 



e As E z d2f(s,x + Z t -Z s -)ds 



(20) 



+ / / e As E z [d2g(s,x + Z t -Z s -,v)]q(ds,dv). 
Jo Ju 

In addition, by Lemma IT51 and ([20)1 . for each R > 0,7 G Nq, 

sup ~E\u{t,x)\ p + supE sup \d2u{t,x)\ p < 00. (21) 

t,a * |a|<ij 
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On the other hand, by the Ito-Wentzell formula (see e.g. QZ3), for each x 
P-a.s. for all 7 G N$,t G [0,T], 



e- At 3>(i,i + Z t ) = 



d2f(s,x)ds+ / / d2g(s, x, v)q(ds, dv) 
Jo Ju 



-As 





t 



(V3>(s, a; + Z„),b(s)) l a =ids 



+ J J e- As [<9>(s,x + Z s _ +y) -9>(s,i + 2 s -) 
-l a >l(V9Ju;(s J a; + Z s _),y)l| y |< 1 ]p z (ds, dy) 

e- As la>i (V9>(s, x + Z s _),y) q z {ds, dy) 



'0 J\y\<l 
ft 



- f Xe- Xs d2w(s,x + Z s )ds. 
Jo 

By (|T1|) and ([211), for each (t, 1) we have P-a.s. for all 7 G N$, 

d2u(t,x) = e' xt d2u(t, x) = I d2f(s,x)ds+ / / &%g(s,x,v)q(ds,dv) 

Jo Jo Ju 

dy 

L a >iym--'{s,y) T 

'\v\>l 

\i>, «i.v. .(•)</.« f / / <) l u(s,x + y)—d2u(s,x) 

dyds 



+ [ (Vd2u{s,x), \b{s)l a=l - f l a>1 ym^(a,y) 
Jo \ L J\y\>i \y\ 



ds 



-l Q >i(Va>(s,a;),?/)l| y |< 1 ]m (Q) (s,y) 



\y\ 



d+a ' 



According to Lemma [15] in Appendix, the right-hand side of this equation has 
P-a.s. cadlag in t and smooth in x modification. 
Finally, note that ([20|) implies (fTT]) . 

Uniqueness. Assume / = 0,g = and u G C°°(H) is a deterministic solution 
of 0. Wc fix (£o,x) and show that u(to,x) = 0. Let Y t ,t G [0,io] be a stable 
process defined on some probability space by the same formulas (fT2j) as the 
process Z with p z and replaced by p Y and g*" , where 



(ds,dy) = p Y (ds,dy) - m {a) (t - s, y) % +a ds 



is a martingale measure, p Y (ds,dy) is a Poisson point process on [0,io] x R-o- 
By Ito formula, 

-u(t ,x) = e" xto u(0,x + Y to ) -u{t ,x) = 

rto 



r° /Fin \ 

J e- xt + A^u - Xuj (t -t,x + Y t )dt = 0. 



15 



The lemma is proved. ■ 

The uniqueness for ([7]) holds in C p '°(H) as well. 

Corollary 9 There is at most one solution u G C p '^{H) of 

Proof. Let u G C a ^{H) be a deterministic solution of Q, C G G£°(R d ),e > 
0,C E (a;) = £- d C,{x/e) and 

u e (t, x) = J u(t, y)( e (x - y)dy. 

Taking the convolution of the both sides of (J7J with £ e , we find that u e G 
C°°(R d ) solves ©. Therefore it e (t,x) = for all e > and u{t,x) = 0. So, the 
statement follows. ■ 

Let Zti t G [0, T], be the random process defined by (fT2|) . Notice that 
the function K® t (£) is the characteristic function of the increment Z t — Z s , 
^ s ^ t ^ T. According to assumption A, J \K® t (£)\d£ < oo. Therefore the 
function 

G s , t (x) = ^{^(OX*), < a < t < T, 
is the probability density of the increment Z t — Z s . Hence, 

G ilt (x)>0, / G. lt (x)dx = 1. (22) 

So, if assumption A is satisfied, then for / G C p >D (H) and ,g £ C^° p (H xU), r — 

i? A /(M) = / [G^(-)*/(s,-)](^s, (23) 
Jo 

£ A <?(t,x) = / /[Gj t (-)*ff(«,-,«)](a:)9(d«,dw). (24) 



where 

G£ t (z) = e-^-*)G s , t (x) 

and * denotes the convolution. 

It is easy to derive that R\f, R\g G B P (H) if / G B P (H) and g G B r ^ p (H x 
17), r = 2,p, p ^ 2. Indeed, by Lemma[7]and d22j), (|23j). 

* / r \ r ~) 1 / r 

G s A t (y)d2/ 



|i?A5(*>^)ip < G ^ sup \g(s,y,-)\ r ,p\ / ( / 



r— 2,p 

< C E (^ll^Nkp- (25) 



r— 2,p 
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By the Minkowsky inequality and ([22]). (j2"3")l . 

|#a/MI p < / [ G x s Ax-y)\f( S ,y)\ p dyd S t: 



< sup |/(s,y)Ip / e^^ds^ 



< (* A i) (26) 

3.3 Characterization of stochastic Holder spaces 

For a characterization of our function spaces we will use the following con- 
struction (see [1]). Let <S(R d ) be the Schwartz space of all real- valued rapidly 
decreasing infinitely differentiable functions on R d . By Lemma 6.1.7 in [1], there 
exist a function tf> £ C °°(R d ) such that supp0 = {£ : \ < \i\ < 2}, tf>(£) > if 
2- 1 < |C| < 2 and 

OO 

0(2" J 'O = 1 if e ^ 0. (27) 

Define the functions cp k £ 5(R d ), fc = 0, ±1, . . . , by 

Fip k (0 = 0(2- fc O, (28) 

and V G S(R d ) by 

^(o=i-x;^fc(o- (29) 

The following results are proved in [8]. We simply take V — L p (fl, J 7 , P) or 
V = Lp(Q,J r ,P;L r (U,U,IT)), r > 1, p > 1, in Lemma 12 and Corollary 13 of 

Lemma 10 Let a £ [0,2), /3 £ (0,1), r > 1 and p > 1. TTien ifte following 
statements hold: 

(i) i/ie norm \\u\\ a ,/3- p is equivalent to the norm 

U *u\\ p + sup 2^+^11^ *u\\ p ; 

3>1 

(ii) i/ie norm \\g\\ a ,p;r,p * s equivalent to the norm 

||V>*5lk P + sup2( Q +«l^*. 9 |! r . p . 

j>i 

Lemma 11 Let a £ (0,2), /3 £ (0, 1), r > 1, p > 1, u € C^(H), g £ 
(# x [/), and 



?/> * it + <^ * u, 



j'=i 



^ * it + * g, n > 1. 
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Then u n G C™{H), g n £ C™(H x U), 

<%ll 

||w||a,/3;p < liminf ||u n [[ aftp , [|5r|| a p. rp < liminf ||5„[|„ 

n— >oo n— >oo 

and for each /3 £ (0,/?) 

|| Wn - "llo^'jp -> 0, llfifn - ff||a,/3';r,p °) ™ -> 00 ■ 



4 Proof of main result 

4.1 Estimates of R\f and i?A# 

In order to prove Theorem [31 we need some estimates of the functions R\f and 
R\9- 



Let ip,ifj, j ^ 0, be the functions defined by 



and 



= f(t,-)*<Pj, 9j(t.-)=g(t,-)*v>j, j>i- 

Obviously, 

ip*R\f(t,-) = R\f (t,-), ip*R\g(t, •) = R\go(t, ■), 

<p j *Rxf(t r ) = Rxfj(t r ), <p j *R x g{t,-) = R x g j (t,-), j > 1. 

Let us introduce the functions 



Since 
we have 



^0 = ^ + ^0; 



where 



R\9j(t,x) 



hs'i(-)*fj(s,-) (x)ds, 



Jc/ 



\t( - ) (x)q(ds,dv), 



h x s j{x)=F- 1 K^i-)^ (x), j^O 



According to Remark 10 [5], there is a finite family {Lj, j = 1, . . . , A} of 
open connected sets which covers the unit sphere S' d_1 and a family {Oj (w),w £ 
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Tj,j — 1, . . . , N} of infinitely differentiable orthogonal transforms with the fol- 
lowing properties: for each w G S^ 1 , W = Tj, j = 1, . . . , N, and multiindex 

7 

(o J (w)w,w) = w u \eno j{w)\ < c( 7 ) 

and for each £/|£| G r,, j = 1, . . . , N 



^ {a) (t,0 = -\£\ a [ l^rfl-itan^sgn^l^r 
~ sgn Wl In K |1 Q=1 ] (t, 3 ( j| ) 

+z(6(t),0l Q =i + ? £ B* J '(i)^^la=2. 



2 . . 

Using these properties and assumptions Al, A2, it is easy to derive the 
following estimates: 

(i) there is a constant C = C(a, /i, C^ a \ d) such that for ^ s ^ t < T and 
multiindices 7, 17I < c? 

la^tCOl c e -^ ( *- s)(| « |Q+A) ^ |£| fcaH7l (t- s) fc ; (30) 

(ii) for each k G (0,1) there is a constant C = C(a, /i,C^ a \d, n) such that 
for $5 s ^ t ^ t 1 ^ T and multiindices 7, | 7 | ^ do 

1^^(0-^(0]! < (3i) 

^ Ce-^ t - s ^" + ^[{t' -t)\£\ a ] K ^ |C| fea - |7l (i-s) fe . 

*<|7| 

Lemma 12 Le£ assumptions Al, A 2 be satisfied and 0<s<t<t'<T. 
Then: 

(i)V all j>1 



J\h x 4{x)\dx < Ce- C ^ a+X ^- S "> [2 3a (t-s)] k , 

k<do 

J \h X J(x)\dx < Ce- X{t - S ^ 

where the constants C — C{a, fj,, d, C^), c = c(a, fj,) > 0. 

(ii) for each k G (0, 1) there is a constant C = C(n,a, fj,,d,C^) such that 
for all j > 1 

j \h X f t ,(x) h X f t (x)\dx< 

< C[V a {t' _ t )]K e -c(2 3Q +A)(t-s) [V a {t~ S )] k , 

k<do 

where the constant c = c(a, [i) > 0. 
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Proof. By Lemma 16 |5], 



K'°(x)\dx < Ce~ x{t - S) . 

According to ([50)1 , (pTLj) and the definition of for k e (0,1), multiindices 

7: ItI < rf o, and j > 1 

1^^(0^(01] I < E l^. A ,*(oii^"^-(o|< 

7'+7"=7 

< (72- J ^le" c(2J " +A)( ^ s) E[ 2j "(*- S )] fc 

fe<l7l 

and 

q[{K*AZ)-KUt))^M\ ^ E l^'(^V(0-^, t «))lK^-(0|< 

7'+7"=7 

< C2-- 7 'l' 1 'l[2 J ' Q (i / _t)] K e - c(2JO+A)( *- s) ^[2^-s)] A 

k<h\ 

These estimates, together with Parseval's equality, imply 

(ixyh%(x)2>™\ 2 dx = [\%[K* t (0Fpj(Z)]2>™\ a dS< 



fc<M 



2 k- 



and 



\(ixy[h x J,(x)-h*;i(x)]2^\\ 2 dx = 

\8%[K^(t)-K* t {Q]2JW\*dt< 



< C2^ d [2 ja (t' - <)]2«- e - C (2 JQ +A)(t- s ) J2 [V a {t - a)] 

k<h\ 



2), 



Therefore, 



\hs',t( x )\ dx < ( 



fix 



1/2 



(1 + \2ix\) 2d ° 



k<dn 



and 



< 



1/2 



(i + ^^d^i^^x)-^^)! 2 ^ 



(1 + \23 X \) 2d ° 
< C[2 ja (t' - t )] K e -c(2 ia +A)(t- S ) ^ [ 2 ia^ _ s )j 



1/2 



< 



k<d,Q 
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The lemma is proved. ■ 

Lemma 13 Let a, a' £ (0,2], f3,f3' £ (0,1) and p > 2. Let assumptions Al, 
A2 be satisfied, a(l - |) + = a' + and g £ C?'/' (H xU),r = 2,p. 

Then there is a constant C depending only on a, f3,p,d, /j,,C^ a \T such that 
the following estimates hold: 

\\R\g\\a,/3;p <C ^ |M|a!',/3';r,p; 
r— 2,p 

(ii) 

\\R\g\\o,p;p < c ( TA 1) 1 r Hffllo,ftr, P ; 

r=2,p 

(iii) 

\\Rxg(t', •) - Rxg(t, Olk^ <C^ (t ,1/r \\g\\ a r,^ r , p . 

r— 2,p 

Proof, (i). By Lemma 16 [8], 

|^' t °(x)|dx < Ce' x{t - s) . 



Hence, for < u < t, r > 1 

y (^J \h X s '° t {x)\d^j ds<C{t~u). (32) 
Using the estimate of Lemma [T2l (i), we have for < u < t, r > 1, j > 1 

** U L L.^-J 



k<dn 



ds < 



< C2- J ' a min[l,2 J ' a (t-u)]. (33) 
These estimates, together with Lemma [71 imply 

l/r 



I a) | p < 

r=2,p 



< 2-*»/r|| fli || rif 
r— 2,p 
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By Lemma [TU1 

\\Rxg\\ a ,0; P < c(\\Rxg \\ P + sup2^ a+ ^\\R x g j \\ P ) < 

j>i ' 



< || 50 |k P + su P 2^'+^ \\Bj\\r, P ) < 



r — 2 , p 



r— 2,p 
r— 2,p 

(ii). By Lemma [7] and (JUJ), ([Ml) 

G s,t(y)i9( s ,x - y,v) - g(s,x' - y,v)]dyq(ds,dv) 



< 



r \ 1/r 



<CX! S "P ^(s^-J/.O -g{s,x' -y, Okpjy yj G^ t (y)dyj dsj 



o s<~.t,y 
r— 2,p — ,J 

<C|z-zf V [g]p:r, P ( f e- X{t ~ s) ds) ' < 

r=2,p WO / 

^Clz-zf ^ ( T Ai) 1/r [g] ftr , p . 

r— 2,p 

From this estimate and (|25|) follows the assertion (ii). 
(hi). By Lemma 16 [8], 



- /C'°(x)|<& < C(l + A)e- A (*- S )(i' - i). 



Hence, for r > 1 



f ^ \h£$(x) -h^(x)\dx\ ds<C(t'-t) r . 



(34) 



Using the estimate of Lemma 1121 (ii) with k — 1/r, we have for r > 1 and 

i>i 



hg't/(x) — hg'J (x) | efccj ds < 
<C2**(t'-i) f e -°r{y"+x){t-s){y^ [V a {t- S )] k \ ds< 

< C(t' - t) [ e- crv ( V u fc ) < (35) 

H<d ' 

< C(t' - 1). 
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According to Lemma [7] and estimates (|3"2")) - ([3"51) . for j > 

\Rxgj(f,x) -Rxgj(t,x)\ < 



< 



t Ju 
t 



[ h s',t'(') * 9j(s, ;v)] (x)q(ds, dv) 



o Ju 1 



< 



[(h x s ;?,(-) - h x s f t (-)) * gj ( s ,-,v)}(x) q (d s ,dv) 
C £ [J* (J \h X s j,(x)\dx) r ds^j ' + 



< 



■(J*(f \h X s: i,(x)-h X s: i(x)\dx) r d S 



1/r-i 



< 



<CY,V-t) 1/r \\9i\\ 

r—2,p 



r,p- 



Finally, by Lemma fTDl 

\\Rxg(t', •) - Rxg(t, OlU'^'a, < c(j|i? A5o (i', •) - iW*, OIIp + 
+ su P 2^ a '+^|| J R A ^(t',-)- J R Aft (t,-)|| p N ) < 

3>1 / 
<c(j2(t' -tY /r ho\\r, P + SUp2^'+^ £ (*' 1/r Hftllr,p) < 



r—2,p 



r— 2,p 



\\oi' ;r,p- 



r — 2 , p 

The lemma is proved. ■ 

Lemma 14 Le£ a e (0,2], /3 <E (0,1), p > 1, / G C^(H), and let assump- 
tions Al, A2 be satisfied. 

Then there is a constant C depending only on a, f3,p,d, /j,,C^ a \T such that 
the following estimates hold: 

(i) 

\\R\f\\a,p-p < C\\f\\o,/3;p) 

(ii) 

l|i^/llo,^<c(TAi)||/||o,ftp; 
(iii) forO<t<t'<Tandve (0, a) 

\\Rxf(t', •) - Rxf(t, Olk.ftp < C(t' - t) 1 "* ||/||o, ftp . 
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Proof, (i). Using the Minkowsky inequality and estimates (f52"|) . with 
r = 1, we have for j > 

\Rxfj(t,x)\ p < CWfjWpJ j \h)f{x)\dxds < 



j lip- 



By Lemma [TUl 

||-Ra/|U,/3 ;p < c(||i? A / || P + sup2^+«||i?;J J || p ) < 
< c(||/o|| P + sup2^||/ j || p ) < 



i>i 

< C||/]]o,ft P . 
(ii) . According to the Minkowsky inequality and 

\R x f(t,x)-R x {t,x% = 

G* t (y) [f(s, x-y)- f(s, x' - y)] dydi 



for (t,x), (t,x') £ 



< 



< sup \f(s, x-y)- f(s, x' - y)\ p / / G s t (y)dyds < 

s<t,y 

< \x-x'f[f]^ tP [ e-W- s Us< 



<\ x - x '\^TA-)[f] p , p . 

This estimate, together with ([26]). implies the assertion (ii). 

(iii). Using Lemma fT2l and Holder's inequality, we obtain for k £ (0, 1) and 

i>i 



\h*;i(x)\dxds < C I e - c( - 2 ° a+x ^^ ^ [2 ja (t - s)] k ds < 

2 JQ (t'-t) 



t' 



< C2~ 



e - cs ( sk ) ds ^ 

^k<d 



< C2- ja [2 3a {t' -t)] K 

< C2- ja ^- K \t' - t) K 



k<do 



1/(1-k) ^ 1-K 

ds 



< 
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and 



h s 'f,(x) — hg'f (x)\dxds < 



< 



C[V a (t'-t)] K f e -c{V"+W-s) J2 [V a (t- S )] k ds < 

*' k<d 



< C2- ja( - 1 - K) (t' -t) K . 

According to (H?2"j) and the same estimates hold in the case j = Q. 

Therefore, by Minkowsky's inequality, for k G (0, 1) and j > 0. 



\R x f j (t',x)-R x f j (t,x)\< 



< 



<C||/*IIp 



/ig'j?/ (a;) |da:ds + y y | ft,^ $ (x) — h^'j ' (x) | cfods J < 

<C2- JQ(1 - K) (i'-t) K ||/ J || p . 
This estimate with k = 1 — vja. and Lemma [TU] imply 
\\Rxf(t',-)-R x f(t r )\\ v , ; P < 
< c(\\R x f (t', •) - R x f (t, + sup2»'<"+fl||Jk/ J (t', ■) - flx/^t, -)||p) < 

<C(t' 1 -^(||/ || P + snp2^||/ J || ? 

<c{f -tY-»i«\\f\w Pw . 

The lemma is proved. ■ 



3>1 

< 



4.2 Proof of Theorem U 

Let 

" = R\f + R\9- 

According to Lemmas IT51 and [T4l the function u belongs to the space C£'P(H) 
and satisfies all the required estimates (we take v = a' + fj — j3 = a(l — 1/p) in 
Lemma [14] (hi) and notice that, by Lemma \W\ the norms || • Ho/^'jp and || • \\ v ,/3;p 
are equivalent). By Corollary H3 the equation has at most one solution in 
the space Cp^(H). Hence, it remains to prove that u is a solution to (0. 
Let 

n 

U(t,-) = /(t,-W + £/(*, •)*¥>,, 

3=1 

n 

9n(t,-,v) = g(t,-,v)*ip + '^2g(t,-,v)*(p j , n ^ 1, 

3=1 
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where the functions ^p^j, j ^ 1, are defined by (f2"5f and (j2l))) . By Lemma |H1 
the function 

u n = R\fn + R\g n 

is a unique solution in C™{H) to the equation ([7J with /, 5 replaced by f n ,g n - 
Let i/ £ (0,/3') be such that 

P u = a' + u-a(l - -) > 0. 

Using the estimates of Lemmas H31 HU and Lemma [TTJ we get 

||U - Un\\a,P v ;p < ~ fn) ||a,/3„;p + ||-Ra(# - 9n) ||a,/3„;p < 

< CM|/-/ n ||0 jJ 9„iP+ 5^ ll^-ffnlU',^) ->0 (36) 

\ r=2,p ' 

as n — > 00. 

Let us introduce the function 

u(t, x) = / (Ait — Au + /)(s, x)ds + / / g(s,x,v)q(ds,dv). 







./[/ 



Then P-a.s. for each (t, x) G H 

(u-u n )(t,x) = / [(A- X)(u- u n ) + f - f n ](s,x)ds + 



+ / / (9 - g n )(s, x,v)q(ds,dv). 
Jo Ju 

By Minkowsky's inequality and Lemma [SJ 

\\u-u n \\ p sC C^IKA- X)(u-u n )\\ p + 

+ \\f-fn\\p+ \\S-9n\\r,p 

r=2,p 

By Lemma 20 [5], for each v G C^ K (H), k G (0, 1), 



(37) 



0,K;p 



n^iio^p = ^- i {v- (a) (t,o(i+i^rr 1 ^+^)} 

==: C||u + d Q H|o, K; p < C||u|| Q>KiT . 
Hence, according to (|36|) . 

||A(U - WnJUo.^iP < C\\U - U n \\ a ^ u -p ~> 

as n -> oo, and by (|37|) . ||u — u„|| p — » as n — s> oo. Thus, for each (t,x) G i/, 
we have u{t, x) — u{t, x) P-a.s. 
The theorem is proved. 
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5 Appendix 

In the following lemma, we prove the existence of smooth modifications of 
stochastic integrals. 

Lemma 15 Assume g G Cfe(H xU), 1 = 2, p. Then: 

a) There is a V (F)® B(R d ) (g) U -measurable function g(s,x,v) such that 
dHdsdP-a.e. 

d2g(s, x, v) = 82g(s, x, v) (38) 
for all x G R d , 7 G Nq. In addition, for any R > and 7 G Nq, I — 2,p, 



E f [ sup \d2g(s,x,v)\ l n{dv)ds < 00. (39) 

JO JU \x\<R 



b) TTiere is an 0(¥)®B{H d ) -measurable real-valued function M(t,x) P-a.s. 
cadlag in t and smooth in x and, for each x G R d , 7 G Nq, P-a.s. 

d2M(t,x)= / / d2g(s,x,v)q(ds,dv) = / / &].g(s,x,v)q{ds,dv) (40) 
Jo Ju Jo JU 

for all t G [0, T] . In addition, for any R > and 7 G Nq 

E[ sup |^M(i,aOH<oo, (41) 

t<T,\x\<R 



supE[sup|ajM(i,x)| p ] < 00. (42) 

x t<T 

Proof. Obviously, for each R > 0,7 G Nq, 

e/ / / \dJg{s,y,v)\ l dyn{dv)d S <^, 

JO JU J\y\<R 

I = 2, p. Define a sequence of P(F)®B(Il d ) (g) iY-measurable functions 

g n (t,x,v) — n g(s,x,v)ds,n > 1, 



9l{t,x,v) = n£ d2g(s,x,v)ds,j e Njf,n > 1, 

where t n = (t — 1/n) V 0. For each 7 G Nq we have P-a.s. for all t > 0, ip G 
C °°(R d ) 

/ 9n(t,y 1 v)d^ip{y)dy = [ n [ g(s,y,v)dsd 1 '(p{y)dy (43) 
Jr* JR"" Jt„ 

= (-1) 171 n d~'g(s,y,v)ds(p(y)dy. 

jR d Jt n 
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Let w £ (7(5° (R d ) be a non-negative function such that w(x) = if |x| > 1 
and J w(x)dx — 1. Wc define P-a.s. continuous in t and smooth in x functions 

g nie (t,x,v) = n I I g(s,y,v)w £ {x - y)dsdy, 

Jt„ JR d 



9l,e{ t -> x i v ) = U J J d d 7 y 9(s,y,vW(x-y)dsdy, 

where w £ (x) = s~ d w(x/e),x £ R d ,7 £ Nq. According to (|4"5)l , P-a.s. for all 
t>0,x£R d ,~/£ Ng, 

d29n,6(t,x,v) = n g(s,y,v)dsd2w e (x - y)dy 

Jn d Jt n 

n I d2g(s,x - y,v)dsw e (y)dy = gl (t,x). 



Therefore for each R > and I = 2,p, 

E/ / / \d2g n ,e(t,x, v) - d2g n '.E'(t,x,v)\ l U(dv)dxdt 
Jo J\x\<rJu 

< C[[ T [ \gl e (t,x,-)-d~<g(t,x,-)\l l dtdx 

JO J\x\<R 



if 

>0 J\x\<R 



gl, e ,(t,x,-)-d^g(t,x,-)\l l dtdx}^0 



as e,e' — > and n,n' — > oo. By the Sobolev embedding theorem, for each 
ii>0,7GNg,l = 2,p, 

E / / sup \d2g n .e(t, x, v) - d2g n ',e'(t, x, v)\ l U(dz)dt ->• 

^0 ./£/ |x|<fl 

as e,e' — ► and n, n' — > oo. Let <7„ = g n ^yi n and choose a subsequence t 00 
as fc — > oo such that for I = 2,p, 

e[ [ sup \d2g nk+1 (t,x,v)-d2g nk (t,x,v)\ l Il(dv)dt<2- k v. 

JO Jll |x|<fc,|7|<fc 

Then the function 

~ u > \ l ™g nk (t,x) li Y^k SU P\a:\<k^\<k\ d 29n k + 1 -d2gn k \(t,X,v) <0O, 

g{t,x,v) = < k 

I otherwise, 

is P(F)(g)S(R d ) «) ^-measurable and satisfies f3SJ and (IMl) . 

b) By Theorem 5.44 in [J], there are 0(F) ® £>(R d )-measurable functions 
M 7 (i,x),7 G N$ such that for each x £ R d P-a.s. 

MT(t,i)= / / d2g(s,x,v)q(ds,dv) = [ [ d2g{s, x, v)q(ds, dv), t £ [0, T], 
Jo Ju Jo Ju 



28 



where 0(F) is the cr-algebra of well measurable subsets of [0, T] x ft. By the 
Burkholder-Davis-Gundy inequality and Lemma [5j for each R > 0, t 6 [0, T], 

( T \ p/i 

Jo Ju J 
< CV sup ||^5(s,x,-)||f <oo. 

, n 0<s<T,x 
l—2,p — — ' 

We dehne P-a.s. cadlag in t and smooth in x functions 

M2{t,x)= f M 1 {t,y)w e {x - y)dx,j G Nq. 

By the stochastic Fubini theorem (see [TO]), for every x G R d we have P-a.s. 
for all t G [0, T] and 7 G Nq, 

M e(t,x) = J M J {t,y)w e (x - y)dx = J J J d2g(s,y,v)w e (x - y)dyq(ds,dv) 

md29(s, V, v)w e (x - y)dyq(ds, dv), 
dlM°(t,x) = f M°(t,y)d2w e (x-y)dx=(-l)W [ M°(t,y)d^w e (x - y)dx 

rt r 1 

d 29(s, V, v)w £ (x - y)dyq(ds, dv) 



10 Ju . 

rt 



d29{s,y 1 v)w e (x - y)dyq(ds,dv). 



10 Ju 



Also, denoting 



g 7 < £ {s,x,v) = I d]g(s,y,v)w e (x-y)dy 
d29(s,x- y,v)w £ {y)dy, 



we have, by Lemma [SJ for each R > 

E / sup \82M° (t, x) - 82M° (t, x)\ p dx 

J\x\<Rt<T 

Esup \82M°(t, x) - d2M°(t, x)\ p dx 

\x\<R t<T 

< 0E [ V / ( f \g~<< e (s,x,v) - gi> e ' {s,x,v)\ l Tl{dv)\ dxds -> 

JO i =2 ,pJ\ x \ <R ' 

as e, e' —> 0. By the Sobolev embedding theorem, for each R > and 7 G Nq, 
E sup \d2M°(t,x) - d2M°,(t,x)\ p -> 

\x\<R,t<T 
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as e,e' — > 0. Therefore, there is an 0(F) <g> ,B(R. d )-measurable function M(t,x) 
which is P-a.s. cadlag in t and smooth in x, satisfies (40)-(42) hold and for 
each i? > 0,7 S 

E sup \d>>M°(t,x) -d2M(t,x)\ p -> 

|x|<fl,t<T 

as e — > 0. The lemma is proved. ■ 
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